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Unsteady Laminar Boundary-Layer Separation
on Oscillating Configurations

Wolfgang Geissler*
DFVLR, Gottingen, Federal Republic of Germany

A finite difference procedure has been developed to calculate unsteady two-dimensional laminar boundary
layers on oscillating configurations. The method works in regions of reversed flow without numerical dif-
ficulties. The oscillating flat plate is investigated as a first test case to prove the validity and efficiency of the
calculation procedure. The method is then applied to the more interesting case of an airfoil with pitching oscilla-
tions. Three incidence cases for the NACA 0012 airfoil are treated: «# = 0, 8, and 16 deg with «7 = 8 deg oscilla-
tion amplitude and various reduced frequencies. Special emphasis is placed on the investigation of the flow
behavior close to boundary-layer separation. The results of the unsteady boundary-layer calculation give the
necessary input to model unsteady separated flows.

Introduction

I N recent years, several successful methods have been
developed1'2 to calculate steady lift and drag on airfoils

under stalled flow conditions. These methods use a combina-
tion of inviscid panel-type and boundary-layer calculation
procedures to determine iteratively the separation points on
the airfoil. Equivalent Kutta conditions are then applied at the
separation points on the upper and lower surfaces. The
separation and wake regions are modeled either by a displace-
ment1 or vortex sheet model.2

Additional problems occur, however, for airfoils in
unsteady motion, as has been pointed out by Sears.3 In Ref. 3
a relationship between velocities at instantaneous locations of
the boundary-layer separation points and the overall unsteady
circulation T(t) is given by

dr
~dT (i)

where [ ]# refers to the difference between the upper and
lower surface separation points. U is the velocity at the outer
edge of the boundary layer and (7sep the velocity of the cor-
responding separation phenomenon along the wall. In steady
flow, Eq. (1) simplifies to

which has been used as the Kutta condition in steady calcula-
tion procedures. For unsteady nonseparated flow, the free
vorticity strength dT/dt leaves the wing at the trailing edge
with t/sep=0 in Eq. (1). This special case has been treated in
Ref. 4 for oscillating three-dimensional wings with a thin
doublet sheet representing the wake.

To construct a corresponding model in the unsteady
separated case, two quantities must be calculated:

1) The time-dependent velocities U(t) at the instantaneous
separation points.

2) The time-dependent movement of the separation points
£/sep along the airfoil surface.

Both quantities are determined by the present unsteady
boundary-layer calculation. The calculation procedure is a
well-known Crank-Nicolson finite difference method which
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has already been applied to the calculation of steady three-
dimensional boundary layers on blunt bodies.5 Similar to the
three-dimensional case, the determination of separation in
unsteady flow is not straightforward. In the unsteady case, it
is well known that reversed-flow regions occur along the sur-
face with no sign of severe boundary-layer breakoff. The cal-
culation procedure must, therefore, be able to handle
backflow regions in unsteady flow. A suitable test case to
prove the ability of the boundary-layer code is the oscillating
flat plate oscillating in its own plane. This problem is well
known in technical literature sources and was treated first by
Lighthill.6 Details of the calculation procedure and
corresponding results are given in Ref. 7.

With a successful test for the flat plate, the method will then
be applied to the more interesting andtdifficult case of an air-
foil with pitching oscillations. This problem has also been
treated in various investigations. In Ref. 8 the problem of
dynamic stall is investigated by means of a finite difference
procedure which solves the laminar and turbulent unsteady
boundary layers. The calculation was stopped, however, at the
position of zero skin friction as the usual steady separation
criterion. In Ref. 9 the unsteady boundary-layer calculation
was carried out on the basis of an integral method. The advan-
tage of this method is its speed and sufficiency, but it is not ap-
propriate to investigate the details of the boundary-layer
development close to unsteady separation, specifically in the
laminar case. In the present investigation; the laminar
boundary-layer equations are transformed into a stagnation
point fixed frame of reference. This has the advantage that the
boundary-layer calculation can start at each time step from the
instantaneous position of the stagnation point. Therefore, a
rather complicated special treatment of the stagnation point
region10 is avoided.

For a successful treatment of boundary-layer problems, a
detailed knowledge of boundary conditions and initial condi-
tions is essential. The unsteady panel method described in Ref.
4 is able to calculate the necessary inviscid velocities on the
real surface of the oscillating configuration. Presently, the
outer boundary condition remains unchanged during the
boundary-layer calculation. In a later step, the inviscid
velocities should be allowed to adjust to the effect of the
boundary-layer displacement in a strong interaction
procedure.

Unsteady Boundary-Layer Equations-
Finite Difference Procedure

The solution procedure has been applied to the well-known
set of unsteady laminar boundary-layer equations expressing
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the conservation of mass and momentum11:

du dv—— +—— = 0
dx oy

o>* 3U „ dU d2u
dT dx df

(3)

(4)

where x, y, and u, Ut v are dimensionless with the reference
length c and reference velocity LTrespectively. In addition, y
and v have been stretched by \IRe (Re= U^c/v, Reynolds
number). Time / is made dimensionless and corresponds to the
wavelength of the harmonic oscillation in the following
manner:

f=T=t-UJc

with the reduced frequency

The corresponding boundary conditions are

(5)

(6)

u = U for (7)

Numerical calculation of the set of Eqs. (3) and (4) is carried
out by a Crank-Nicolson type of finite difference procedure,
which was first applied by Hall.12 The implicit formulation
normal to the wall (y direction) leads to a linear system of
equations with a tridiagonal coefficient matrix, which can be
solved by standard means. Continuity as well as momentum
equations are solved by iteration starting with linear ex-
trapolated values. The calculation is continued until the dif-
ferences of the w-velocity components between two cycles are
less than a prescribed tolerance.

The calculation progresses first in the x-direction with con-
stant mesh sizes Ax and then continues at the next time level at
f = T+ AT with constant time steps AT. The growth of the
boundary layer is taken into account by adding additional
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Fig. 1 Boundary-layer profiles on oscillating flat plate.

mesh points in the y direction. If the number of mesh points in
this direction exceeds 100, the mesh size Ay is doubled.

The ratio of mesh sizes Ax/AT determines the limit of the
numerical calculation due to the CFD stability condition. This
limit may be obtained in regions of reversed flow. The stability
condition is proved during the entire calculation.

Oscillating Flat Plate
The numerical procedure was first applied to the case of a

flat plate oscillating in its own plane.6 In this case the outer in-
viscid velocity is determined by

(8)

with e as the amplitude of oscillation. For low and high values
of the unsteady parameter £=x-w*, corresponding low- and
high-frequency solutions can be developed based on ordinary
differential equations. A comparison of these approximations
with the results of the numerical calculation provides an ex-
cellent check of the validity of the finite difference procedure.
Figure 1 shows velocity profiles for the cases of £ = 5.5 and
e = 0.3. The solid lines are results from the high-frequency
solution. The circles are obtained from numerical calculation
after three time periods; correspondence is excellent. Figure 1
shows that backflow occurs further on over a part of the
oscillatory cycle. The numerical calculation moves through the
reversed-flow region without difficulties. It is pointed out in
Ref. 6, however, that the calculation breaks down if the
amplitude e is increased such that backflow reaches the leading
edge of the plate.

Airfoil in Pitching Motion
With a successful check of the finite difference procedure to

solve the unsteady boundary-layer equations even in regions

P OL
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Fig. 2a Displacement of stagnation point at the nose of an oscillating
airfoil.

MCA
a =8°+8* sin u/7

•0.008

Fig. 2b Inviscid velocities close to stagnation point. Best fit for in-
itial conditions in time domain.
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of reversed flow, the airfoil in pitching motion can be in-
vestigated as a problem of more practical interest. The NACA
0012 airfoil has been chosen as a test case.

Outer Inviscid Flow (Panel Method)
In Ref. 4 a panel method is described to calculate the steady

as well as unsteady inviscid flows about three-dimensional
oscillating wings. A combination of sources and doublets on
the wing surface, as well as a doublet sheet representing the
wake, has been used to calculate velocities and pressures on
the real body surface. Velocities in a streamwise section close
to the wing symmetry plane as obtained by the panel method
are assumed as outer boundary conditions. Although the
method is linear in amplitude, the results are applied also to
moderate- and high-amplitude oscillations common in
dynamic stall problems.

Stagnation Point Fixed Frame of Reference
In the flat-plate case, the numerical calculation always starts

at the plate leading edge. The front stagnation point on pro-
files, which usually serves as the starting point in steady
boundary-layer calculations, is moving in the unsteady case.

Figure 2 shows the instantaneous positions of the stagnation
point for the incidence variation

a = 8 deg + 8 deg sin co * T

and the two reduced frequencies co* =0.2 and 0.4. The move-
ment of the stagnation point is nearly harmonic and 180 deg
out of phase relative to a. The effect of reduced frequency w*
is small. To start the unsteady boundary-layer calculation
from the instantaneous positions of the stagnation point, a
stagnation point fixed frame of reference has been chosen
(Index 1)

Xju = x—x0 + dei(**T (upper surface)

xlt=-(x-x0)~de1^T (lower surface) (9)

NACA 0012 a.F'PsinuT w'.0.201
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- "LIMITING STREAMLINES"
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a

with x0 as the steady mean position of the stagnation point
and d as the amplitude of movement. With

dt (10)

as the kinematic velocity of the stagnation point, the velocities
in the boundary layer are changed:

Uj = u + U17kin Vj - V (U)

0.00 0.02

Fig. 4a Contour plots of velocity component u1 in the boundary
layer close to separation. f= 1.002, a = 8.1 degt(a = 8 deg+ 8
deg-sinw*J, w*=0.2).

Fig. 3 Unit vectors of wall-shear stress, "limiting streamlines," close
to separation.

Fig. 4b Contour plots of vorticity in the boundary layer close to
separation. f=1.002, a = 8.1 degt(a = 8 deg + 8 deg-simo*r,
w* =0.2).
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Fig. 5a Vorticity distribution close to separation at x1 = 0.064,
0.85 <r<l, and 1.53 <«< 8 deg.

Fig. 5d Velocity contours, 0.85 < f<l and 1.52 <a<8 deg.

NRCRC012 OKS-0.201

RLPHR-8+8SIN(OMT)

X-0.064

Fig. 5e Normal \elocity distribution contours, 0.85 <f< l and
1.53 <a< 8 deg.

Fig. 5b Vorticity contours close to separation at x} = 0.064,
0.85<J<1, and 1.53<«<8 deg.

NRCR0012 OM50.2

RLPHR-8+8SIMCMT,

Fig. 5c Distribution of velocity component Uj 0.85 <T<1, and
J.52<«<8 deg. Fig. 5f Normal velocity contours, 0.85 < T< 1 and 1.53 < a < 8 deg.
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Substitution of Eq. (9) into Eqs. (3) and (4) yields no formal
difference in the boundary-layer equations. The boundary
conditions, however, change to

(12)7^oo: Uj = U[Xl(x,t),t] ± Umn =

The ± signs refer to the upper and lower surfaces, respec-
tively. Numerical calculation is now carried out in the system
Xj,yj with Uj, Uj, vlf etc.

Initial Conditions
To start the calculation, appropriate initial conditions must

be specified. A linearly varying inviscid velocity U1(x1,T) is
assumed close to the stagnation point

U1=cx1+cex1eip"*T (13)

with Xj as the distance from the stagnation point. The
parameters c, e, and p have to be determined such that a good
fit is obtained with the U1 distribution calculated from the
panel method. Figure 2b shows Uj(T) distributions from the
panel method (solid lines) and the corresponding curve fit due
to Eq. (13) (dashed lines) at the two positions Xj =0.001 and
0.004. The correponding parameters for the two cases (c,e,
andp) appear in the figure. It has been shown in Ref. 13 that,
with the outer boundary condition (13), the boundary-layer
equations can be reduced to a set of ordinary differential
equations solved by the Runge-Kutta method. The results are
initial boundary-layer profiles at x2 for all f. Initial condi-
tions at f-T0 for all Xj can be specified by the numerical
solution of the steady boundary-layer equations, ta_king into
account the instantaneous inviscid velocities at f=T0.

Results
Three incidence cases have been investigated in detail for the

NACA 0012 airfoil section14:
1) a = 0 deg + 8 deg sinw*r
2) a = 8 deg + 8 deg sinw* T
3) a = 16 deg + 8 deg sinco* T
If the numerical calculation is carried out over the entire

Xj, f domain, regions of reversed flow are reached through
which the calculation can first be continued up to a point
where the calculation comes to a breakdown. The question
arises whether this breakdown has a pure numerical cause or
whether it is due to the specific behavior of boundary-layer
quantities. In the following sequence of figures, it will be
shown that both causes are involved.

First, for case 2 above, Fig. 3 shows unit vectors of wall-
shear stress in the xly f domain close to breakdown. To define
a "direction" in the xlt T domain, a step TW in the Xj direction
is combined with an always constant step in the f direction.
Therefore, a horizontal vector indicates zero wall-shear stress.
Between the dashed line and the solid boundary the flow is
reversed. The solid boundary is interpreted as the location of
the unsteady separation phenomenon. It can be seen in Fig. 3
that the separation velocity is strongly increased if the separa-
tion point is moving upstream. Integrating the wall-shear
stress vectors, the equivalence of wall streamlines is deter-
mined and indicated in Fig. 3. Similar plots have also been
presented in Ref. 15. Although these "streamlines" have no
direct physical meaning, their behavior in the vicinity of
unsteady boundary-layer breakdown is very similar to three-
dimensional ̂ steady flow. As in the steady case,5 the solid
boundary seems to be the envelope of limiting streamlines.
The advantage of a vector plot similar to Fig. 3 is that the
distinctions between downstream-directed flow and reversed
flow can be made at once. The important fact is that the
"limiting streamlines," simply obtained by integrating the
vector field, show a characteristic strong curvature close to the

quasi-steady a-0'+8'sinu>'T

region of negative \ \
wail-shear stress \

05
tr a

a) 0 deg mean incidence.

is- region of negative
wall-shear stress

05 / j * 0 5 r
*• «• ]?• cr

b) 8 deg mean incidence.

<x*J6'+8*sinu/mT

sum'0.2 and quasi -steady

( 5
ir f*• x- o? Tk* or

c) 16 deg mean incidence.

Fig. 6 Quasisteady and unsteady separation lines over a period of
oscillations.

breakdown of the boundary-layer calculation. This may be
one indication of unsteady separation, as has also been
pointed out in Ref. 15. As opposed to steady boundary-layer
flows, where separation occurs at the position of zero wall
shear, the position of boundary-layer separation in unsteady
flow is shifted downstream beyond the point of zero wall
shear. This typical unsteady flow behavior makes it difficult to
define a precise separation criterion. Figure 3 gives only a
relatively weak criterion for unsteady separation. It will be
outlined in the following section that the specific behavior of
boundary-layer quantities such as vorticity and velocity com-
ponents, specifically the normal velocity component, give a
stronger (but also imprecise) separation criterion.

Another indicator of unsteady separation is known as the
Moore, Rott, and Sears criteribn described in Ref. 16, where
separation occurs at the point where the shear vanishes at a
stagnation point within the flow. This criterion can be in-
vestigated in a coordinate system fixed to the moving separa-
tion point. No attempt has been made so far in the present



582 W. GEISSLER AIAA JOURNAL

study to investigate the latter criterion. This is also com-
plicated by the fact that a moving (stagnation point fixed)
frame of reference has previously been used. Figure 3 shows
only a small part of the calculation domain, which will be
presented later in its entirety.

Figures 4 and 5 show typical details of flow quantities inside
the boundary layer. Figure 4a gives the contour lines of the
tangential velocities and Fig. 4b gives the corresponding con-
tour lines of vorticity. The right-hand margin of these figures
corresponds to the last mesh point before breakdown. A
region of reversed flow and negative vorticity is typical within
this area. Tongues of equal vorticity lines are pointing outside
(Fig. 4b). Figure 5 shows vorticity, tangential and normal
velocities inside the boundary layer at a specific xl position
along f. The positions can be specified as in Fig. 3. Figure 5a
indicates that vorticity is spreading outside into the fluid with
increasing time. The corresponding contour lines (Fig. 5b)
become steeper close to breakdown. The tangential velocities
(Fig. 5c) show a point of inflection and a small backflow
region close to the wall. Finally, Figs. 5e and 5f give the
behavior of the normal velocity. The increasing steepness of v1
in the outer region of the boundary layer (Fig. 5e) is severe.
This increasing steepness is interpreted as the reason for the
breakdown of the numerical calculation procedure.

Continuation of the numerical method poses no problem as
long as the separation point moves upstream. Difficulties oc-
cur, however, in regions of reattachment due to a lack of in-
formation from previous time levels. To follow approximately
the reattachment line, the calculation was continued at a
specific T level on a quasisteady basis. Figure 6 shows the
separation lines for the three incidence cases 1-3 above over
the entire s, f domain, where s is the original surface coor-
dinate of the profile after retransformation from the stagna-
tion point fixed frame. In Figs. 6a and 6b the three cases
co* = 0 (quasisteady), 0.2, and 0.4 are indicated. The curves
show the same behavior which has been found qualitatively in
water tunnel experiments.17 In the highest incidence case 3
(Fig. 6c), the separation line is located very close to the leading
edge over the entire cycle of oscillation. In this case there is a
very severe production and shedding of vorticity into the
boundary layer.14

From Fig. 6 the necessary information can be specified on
the Sears criterion, Eq. (1); namely, the velocity of the
unsteady separation phenomenon £/sep, as well as the velocity
U at separation. These quantities could then be used as input
for an interactive unsteady viscous/in viscid flow model.

Conclusion
A finite difference method has been developed to calculate

unsteady laminar boundary layers on oscillating configura-
tions. The method has the capability to handle reversed-flow
regions. It was tested for the oscillating flat plate and then ap-
plied to the NACA 0012 airfoil section at high-amplitude
pitching oscillations about various mean incidences and for
different reduced frequencies. Details of the flow behavior
close to separation are investigated. Separation and reattach-
ment lines over the entire s, f domain are calculated. These

results give the necessary input for an unsteady viscous/in-
viscid flow model.
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